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PRE-COMPACT FAMILIES OF FINITE SETS OF INTEGERS AND
WEAKLY NULL SEQUENCES IN BANACH SPACES
J. LOPEZ-ABAD AND S. TODORCEVIC
1. Introdution
The aÆnities between the innite-dimensional Ramsey theory and some problems of the
Banah spae theory and espeially those dealing with Shauder basi sequenes have been
explored for quite some time, starting perhaps with Farahat's proof of Rosenthal's `
1
-theorem
(see [13℄ and [19℄). The Nash-Williams' theory though impliit in all this was not fully exploited
in this ontext. In this paper we try to demonstrate the usefulness of this theory by applying
it to the lassial problem of nding unonditional basi-subsequene of a given normalized
weakly null sequene in some Banah spae E. Reall that Bessaga and Pelzynski [7℄ have
shown that every normalized weakly null sequene in a Banah spae ontains a subsequene
forming a Shauder basis for its losed linear span. However, as demonstrated by Maurey and
Rosenthal [16℄ there exist weakly null sequenes in Banah spaes without unonditional basi
subsequenes. So one is left with a task of nding additional onditions on a given weakly null
sequene guaranteeing the existene of unonditional subsequenes. One suh ondition, given
by Rosenthal himself around the time of publiation of [16℄ (see also [19℄). When put in a
proper ontext Rosenthal's ondition reveals the onnetion with the Nash-Williams theory. It
says that if a weakly null sequene (x
n
) in some spae of the form `
1
( ) is suh that eah x
n
takes only the values 0 or 1, then (x
n
) has an unonditional subsequene. To see the onnetion,
onsider the family
F = ffn 2 N : x
n
() = 1g :  2  g
and note that F is a pre-ompat family of nite subsets of N: As pointed out in [19℄, Rosenthal
result is equivalent saying that there is an innite subset M of N suh that the trae
F [M ℄ = ft \M : t 2 Fg
is hereditary, i.e., it is downwards losed under inlusion. On the other hand, reall that the
basi notion of the Nash-Williams' theory is the notion of a barrier, whih is simply a family
F of nite subsets of N no two members of whih are related under the inlusion whih has
the property that an arbitrary innite subset of N ontains an initial segment in F : Thus, in
partiular, F is a pre-ompat family of nite subsets of N: Though the trae of an arbitrary
pre-ompat family might be hard to visualize, a trae B[M ℄ of a barrier B is easily to ompute
as it is simply equal to the downwards losure of its restrition
B M = ft 2 B : t Mg:
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A further examination of Rosenthal's result shows that for every pre-ompat family F of nite
subsets ofN there is an innite setM suh that the trae F [M ℄ is atually equal to the downwards
losure of a uniform barrier B onM , or in other words that the-maximal elements of F [M ℄ form
a uniform barrier on M: As it turns out, this fat holds onsiderably more information that the
onlusion that F [M ℄ is merely a hereditary family whih is espeially notieable if one need to
perform further renements of M while keeping truk on the original family F : This observation
was the motivating point for our researh whih helped us to realize that further extensions of
Rosenthal's result require analysis of not only pre-ompat families of nite subsets of N but
also maps from barriers into pre-ompat families of nite subsets of N; or, more generally, into
weakly ompat subsets of 
0
. We have explained this point in our previous paper [14℄, where
we have presented various results on partial unonditionality suh as near-unonditionality or
onvex-unonditionality as onsequenes of the struture theory of this kind of mappings. This
paper is as a ontinuation of this line of researh. In Setion 3 we show how the ombinatoris on
barriers an be used to prove the 
0
-saturation for Banah spaes C(K) when K is a ountable
ompatum. Reall that the 
0
-saturation of Banah spaes C(K) over ountable ompata K is
a result originally due to Pe lzynski and Semadeni [21℄ (see also [5℄ and [12℄ for reent aounts
on this result.) More partiularly, we show that if (x
i
)  C(K) is a normalized weakly-null
sequene, then there is C  1, some innite set M , some uniform barrier B on M of rank at
most the Cantor-Bendixson rank of K and some uniform assignment  : B ! 
+
00
with the
property that supp(s)  s for every s 2 B, and suh that for every blok sequene (s
n
) of
elements of B, the orresponding sequene (x(s
n
)) of linear ombinations,
x(s
n
) =
X
i2s
n
((s
n
))(i)x
i
;
is a normalized blok sequene C-equivalent to the standard basis of 
0
.
The last setion onerns the following natural measurement of unonditionality present in a
given weakly null sequene (x
n
) in a general Banah spae E: Given a family F of nite sets, we
say that (x
n
) is F -unonditional with onstant at most C  1 i for every sequene of salars
(a
n
),
sup
s2F
k
X
n2s
a
n
x
n
k  Ck
X
n2N
a
n
x
n
k:
Thus, if for some innite subsetM of N the trae F [M ℄ ontains the family of all nite subsets of
M; the orresponding subsequene (x
n
)
n2M
is unonditional. Typially, one will not be able to
nd suh a trae, so one is naturally led to study this notion when the family F is pre-ompat,
or equivalently, when F is a barrier. Sine for every pair F
0
and F
1
of barriers on N there is
an innite set M suh that F
0
[M ℄  F
1
[M ℄ or F
1
[M ℄  F
0
[M ℄ and sine the two alternatives
depend on the ranks of F
0
and F
1
; one is also naturally led to the following measurement of
unonditionality that refers only to a ountable ordinal  rather than a partiular barrier of rank
: Thus, we say that a normalized basi sequene (x
n
) of a Banah spae X is -unonditionally
saturated with onstant at most C  1 if there is an -uniform barrier B on N suh that for
every innite M  N there is innite N M suh that the orresponding subsequene (x
n
)
n2N
of (x
n
) is B  N-unonditional with onstant at most C. (Here, B  N denotes the topologial
losure of the restrition B  N whih in turn is equal to the trae B[N ℄, a pleasant property of
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any barrier.) It turns out that only indeomposable ountable ordinals  matter for this notion.
We shall see, extending the well-known example of Maurey-Rosenthal of a normalized weakly-
null sequene without unonditional subsequenes, that every normalized basi sequene has a
subsequene whih is !-unonditionally saturated, and that this annot be extended further. For
example, we show that for every indeomposable ountable ordinal  > ! there is a ompatum
K of Cantor-Bendixson rank  +1 and a normalized 1-basi weakly-null sequene (x
n
)  C(K)
suh that (x
n
) is -unonditionally saturated for all  <  but not -unonditionally saturated.
More preisely, the summing basis of 
0
is nitely blok-representable in every subsequene of
(x
n
), and so in partiular, no subsequene of (x
n
) is unonditional.
2. Preliminaries
Let N denote the set of all non-negative integers and let FIN denote the family of all nite sets
of N. The topology on FIN is the one indued from the Cantor ube
N
2 via the identiation of
subsets of N with their harateristis funtion. Observe that this topology oinides with the
one indued by 
0
, the Banah spae of sequenes onverging to zero, with the same identiation
of nite sets and orresponding harateristi funtions. Thus, we say that a family F  FIN
is ompat if it is a ompat spae under the indued topology. We say that F  FIN is pre-
ompat if its topologial losure F
top
taken in the Cantor ube
N
2 onsists only of nite subsets
of N: Given X; Y  N we write
(1) X < Y i maxX < min Y . We will use the onvention ; < X and X < ; for every X .
(2) X v Y i X  Y and X < Y nX .
A sequene (s
i
) of nite sets of integers is alled a blok sequene i s
i
< s
j
for every i < j,
and it is alled a -sequene i there is some nite set s suh that s v s
i
(i 2 N) and (s
i
ns) is a
blok sequene. The set s is alled the root of (s
i
). Note that s
i
!
i
s i for every subsequene of
(s
i
) has a -subsequene with root s. It follows that the topologial losure F of a pre-ompat
family F of nite subsets of N is inluded in its downwards losure
F

= fs  t : t 2 Fg
with respet to the inlusion relation and also inluded in its downwards losure
F
v
= fs v t : t 2 Fg
with respet to the relation v : We say that a family F  FIN is -hereditary if F = F

and
v-hereditary if F = F
v
: The -hereditary families will simply be alled hereditary families. We
shall onsider the following two restritions of a given family F of subsets of N to a nite or
innite subset X of N
F  X =fs 2 F : s  Xg;
F [X ℄ =fs \X : s 2 Fg:
There are various ways to assoiate an ordinal index to a pre-ompat family F of nite
subsets of N. All these ordinal indies are based on the fat that for n 2 N, the index of the
family
F
fng
= fs 2 FIN : n < s; fng [ s 2 Fg
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is smaller or equal from that of F : For example, one may onsider the Cantor-Bendixson index
r(F), the minimal ordinal  for whih the iterated Cantor-Bendixson derivative 

(F) is equal to
;, then learly r(F
fng
)  r(F) for all n 2 N: Reall that F is the set of all proper aumulation
points of F and that 

(F) =
T
<
(

(F)): The rank is well dened sine F is ountable
and therefore a sattered ompatum so the sequene 

(F) of iterated derivatives must vanish.
Observe that if F is a nonempty ompat, then neessarily r(F) is a suessor ordinal.
We are now ready to introdue the basi ombinatorial onepts of this setion. For this we
need the following piee of notation, where X and Y are subsets of N

X = X n fminXg and X=Y = fm 2 X : maxY < mg
The set

X is alled the shift of X . Given integer n 2 N, we write X=n to denote X=fng =
fm 2 X : m > ng. The following notions have been introdued by Nash-Williams.
Denition 2.1. ([15℄) Let F  FIN.
(1) F is alled thin if s 6v t for every pair s, t of distint members of F .
(2) F is alled Sperner if s * t for every pair s 6= t 2 F .
(3) F is alled Ramsey if for every nite partition F = F
0
[    [ F
k
there is an innite set
M  N suh that at most one of the restritions F
i
M is non-empty.
(4) F is alled a front on M if F  P(M), it is thin, and for every innite N M there is some
s 2 F suh that s v N .
(5) F is alled a barrier on M if F  P(M), it is Sperner, and for every innite N  M there
is some s 2 F suh that s v N .
Clearly, every barrier is a front but not vie-versa. For example, the family N
[k℄
of all k-
element subsets of N is a barrier. The basi result of Nash-Williams [15℄ says that every front
(and therefore every barrier) is Ramsey. Sine as we will see soon there are many more barriers
than those of the form N
[k℄
this is a far reahing generalization of the lassial result of Ramsey.
To see a typial appliation, let F be a front on some innite set M and onsider its partition
F = F
0
[ F
1
; where F
0
is the family of all -minimal elements of F . Sine F is Ramsey there
is an innite N M suh that one of the restritions F
i
M is empty. Note that F
1
 N must
be empty. Sine F
0
 N is learly a Sperner family, it is a barrier on N . Thus we have shown
that every front has a restrition that is a barrier. Sine barrier are more pleasant to work
with one might wonder why introduing the notion of front at all. The reason is that indutive
onstrutions lead more naturally to fronts rather than barriers. To get an idea about this, it is
instrutive to onsider the following notion introdued by Pudlak and Rodl.
Denition 2.2. ([22℄) For a given ountable ordinal , a family F of nite subsets of a given
innite set M is alled -uniform on M provided that:
(a)  = 0 implies F = f;g,
(b)  =  + 1 implies that F
fng
is -uniform on M=n,
()  > 0 limit implies that there is an inreasing sequene f
n
g
n2M
of ordinals onverging to
 suh that F
fng
is 
n
-uniform on M=n for all n 2M .
F is alled uniform on M if it is -uniform on M for some ountable ordinal .
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Remark 2.3. (a) If F is a front on M , then F = F
v
.
(b) If F is uniform on M , then it is a front (though not neessarily a barrier) on M .
() If F is -uniform (front, barrier) on M and  :M ! N is the unique order-preserving onto
mapping between M and N , then "F = f"s : s 2 Fg is -uniform (front, barrier) on M .
(d) If F is -uniform (front, barrier) on M then F  N is -uniform (front, barrier) on N for
every N M .
(e) If F is uniform (front, barrier) on M , then for every s 2 F
v
the family
F
s
= ft : s < t and s [ t 2 Fg
is uniform (front, barrier) on M=s.
(e) If F is -uniform on M , then 

(F) = f;g, hene r(F) = +1. (Hint: use that 

(F
fng
) =
(

(F))
fng
for every  and every ompat family F).
(f) It is easy to prove by indution on n that every n-uniform family on M is of the form M
[n℄
.
This is not the ase in general.
(g) An important example of a !-uniform barrier on N is the family S = fs : jsj = min(s) + 1g.
We all S a Shreier barrier sine its downwards losure is ommonly alled a Shreier family.
Indeed, it an be proved a B is a !-uniform family on M i there is an unbounded mapping
f :M ! ! suh that B = fs M : jsj = f(min s) + 1g.
The following result based on Nash-Williams' extension of Ramsey's theorem explains the
relationship between the onepts introdued above (see [4℄ for proofs and fuller disussion).
Proposition 2.4. The following are equivalent for a family F of nite subsets of N:
(a) F is Ramsey.
(b) There is an innite M  N suh that F M is Sperner.
() There is an innite M  N suh that F M is either empty or uniform on M .
(d) There is an innite M  N suh that F M is either empty or a front on M .
(e) There is an innite M  N suh that F M is either empty or a barrier on M .
(f) There is an innite M  N suh that F M is thin.
(g) There is an innite M  N suh that for every innite N M the restrition F  N annot
be split into two disjoint families that are uniform on N . 
In this kind of Ramsey theory one frequently performs diagonalisation arguments that an be
formalized using the following notion.
Denition 2.5. An innite sequene (M
k
)
k2N
of innite subsets of N is alled a fusion sequene
of subsets of M  N if for all k 2 N:
(a) M
k+1
M
k
M ,
(b) m
k
< m
k+1
, where m
k
= minM
k
.
The innite set M
1
= fm
k
g
k2N
is alled the fusion set (or limit) of the sequene (M
k
)
k2N
:
We have also the following simple fats onneting these ombinatorial notions with the
topologial onepts onsidered at the beginning of this setion.
Proposition 2.6. Fix a family F  FIN.
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(a) If F is a barrier on M then F

= F
v
= F, and hene F

is a ompat family.
(b) If F is a barrier on M then for every N M , F  N

= F

 N .
() Suppose that F is a barrier on M . Then for every N  M suh that M nN is innite we
have that F [N ℄ = F  N

, and in partiular F [N ℄ is downwards losed.
(d) A family F M
[<1℄
is the topologial losure of a barrier on M i F
v max
= F
 max
is
a barrier on M .
Barriers desribe small families of nite sets, as it is shown in the following.
Theorem 2.7. [14℄ Let F  FIN be an arbitrary family. Then there is an innite set M  N
suh that either
(a) F [M ℄ is the losure of a uniform barrier on M , or
(b) M
[1℄
 F

.
Note that it follows that if F is pre-ompat then ondition (a) must hold.
We shall follow standard terminology and notation when dealing with sequenes in Banah
spaes (see [13℄). We reall now few standard denitions we are going to use along this paper.
Denition 2.8. Let (x
i
) be a sequene in a Banah spae E.
(a) (x
i
) is alled weakly-null i for every x

2 E

, the sequene of salars (x

(x
i
))
i
tends to 0.
(b) (x
i
) is alled a Shauder basis of E i for every x 2 E there is a unique sequene of salars
(a
i
) suh that x =
P
i
a
i
x
i
. This is equivalent to say that x
i
6= 0 for every i, the losed linear
span of (x
i
) is X , and there is a onstant   1 suh that for every sequene of salars (a
i
), and
every interval I  N,
k
X
i2I
a
i
x
i
k  k
X
i2N
a
i
x
i
k: (1)
() (x
i
) is alled a basi sequene i it is a Shauder basis of its losed linear span, i.e., x
i
6= 0
for every i, and there is   1 suh that for every sequene of salars (a
i
), and every interval
I  N, k
P
i2I
a
i
x
i
k  k
P
a
i
x
i
k. The inmum of those onstants  is alled the basi onstant
of (x
i
).
(d) (x
i
) is alled -unonditional (  1) i for every sequene of salars (a
i
), and every subset
A  N,
k
X
i2A
a
i
x
i
k  k
X
i2N
a
i
x
i
k: (2)
(x
i
) is alled unonditional if it is -unonditional for some   1.
Given two basi sequenes (x
i
)
i2M
and (y
i
)
i2N
of some Banah spaes E and F , indexed
by the innite sets M;N  N, we say that (x
i
)
i2M
 E and (y
i
)
i2N
 F are -equivalent,
denoted by (x
i
)
i2M


(y
i
)
i2N
, if the order preserving bijetion  between the two index-sets
M and N lifts naturally to an isomorphism between the orresponding losed linear spans of
these sequenes sending x
i
to y
(i)
.
The sequene of evaluation funtionals of 
0
is the biorthogonal sequene (p
i
) of the natural
basis (e
i
) of 
0
, i.e. if x =
P
i
a
i
e
i
2 
0
, then p
i
(x) = a
i
. Note that weakly ompat subsets
K of 
0
are haraterized by the property that every sequene in K has a pointwise onverging
subsequene to an element of K. It is lear that for every weakly-ompat subset K  
0
the
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restritions of evaluation mappings (p
i
) toK is weakly-null in C(K). The sequene of restritions
will also be denoted by (p
i
). Observe that (p
i
) as a sequene in the Banah spae C(K) is a
monotone basi sequene i K is losed under restrition to initial intervals.
There are two partiularly important examples of weakly-ompat subsets of 
0
naturally
assoiated to a normalized weakly null sequene (x
i
)
i2M
of a Banah spae E:
(a) the set
R
E
((x
i
)
i2M
) = f(x

(x
i
))
i2M
2 
0
: x

2 B
E

g
is symmetri, 1-bounded and weakly-ompat subset of 
0
.
(b) If E = C(K), K ompatum, then the set
R
K
((x
i
)
i2M
) = f(x
i
())
i2M
2 
0
:  2 Kg
is also 1-bounded and weakly-ompat.
In both ases one has that (x
i
)
i2M
is 1-equivalent to the evaluation mapping sequenes of
C(R
E
((x
i
)
i2M
)) and C(R
K
((x
i
)
i2M
)).
We say that a subset X of 
0
is weakly pre-ompat if its losure relative to the weak topology
of 
0
is weakly ompat. We have then the following, not diÆult to prove.
Proposition 2.9. (a) F  FIN is pre-ompat i the set f
s
: s 2 FINg  
0
of harateristi
funtions of sets in F is weakly-pre-ompat.
(b) For every weakly-pre-ompat subset X of 
0
and every " > 0 one has that
supp
"
X = ffn 2 N : j(n)j  "g :  2 Xg is pre-ompat:
Finally, we introdue few ombinatorial notions onerning mappings from families of nite
sets of integers into 
0
. For more details see [14℄.
Denition 2.10. ([14℄) Let F  FIN be an arbitrary family, and let f : F ! 
0
.
(a) f is internal if for every s 2 F one has that supp f(s)  s.
(b) f is uniform if for every t 2 FIN one has that
jf'(s)(min(s=t)) : t v s; s 2 Fgj = 1
() f is Lipshitz if for every t 2 FIN one has that
jf'(s)  t : t v s; s 2 Fgj = 1
(d) f is alled a U -mapping if F if it is internal and uniform.
(e) f is alled a L-mapping if F if it is internal and Lipshitz.
Remark 2.11. (a) Every uniform mapping is Lipshitz, but the reiproal is in general false.
For example, the mapping f : FIN ! 
0
dened by f(s)(i) = i if i 2 s and f(s)(i) = 0 is
Lipshitz but not uniform.
(b) Every L-mapping f : F ! 
0
an be naturally extended to a ontinuous mapping f
0
: F
v
!

0
by setting f
0
(t) = f(s)  t for (any) s 2 F suh that t v s.
() The importane of internal mappings an be seen, for example, by the well-known result
of Pudlak-Rodl [22℄ stating that if f : B ! X is a funtion dened on a barrier B on M then
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there is N  M , a barrier C on N , and an internal mapping g : B  N ! C suh that for every
s; t 2 B  N one has that f(s) = f(t) i g(s) = g(t).
(d) U -mappings were used in [14℄ to produe some weakly-null sequenes playing important role
in the better understanding of an abstrat onept of unonditionality (see [14℄ for more details).
The main result on mappings dened on barriers is the following:
Theorem 2.12. [14℄ Suppose that B is a barrier on M , K  
0
is weakly-ompat and suppose
that f : B ! K. Then for every " > 0 there is N M and there is a U -mapping g : B  N ! 
00
suh that for every s 2 B  N one has that
kf(s)  N   g(s)k
`
1
 ":
Corollary 2.13. Suppose that f : B ! 
0
is an internal mapping dened on a barrier B.
Suppose that in addition f is bounded, i.e. there is C suh that for every s 2 B one has that
kf(s)k
1
 C. Then for every " > 0 there exists is a U -mapping g : B  N ! 
00
suh that for
every s 2 B  N one has that
kf(s)  g(s)k
`
1
 ":
Proof. Let us prove rst that the image of f is weakly-pre-ompat: For suppose that (f(s
n
))
n
is an arbitrary sequene. Let M  N be suh that (supp f(s
n
))
n2M
onverges to some s 2 B
v
.
This is possible beause f is internal. Sine f is bounded, we an nd N  M suh that
(f(s
n
))
n2N
is weak-onvergent in 
0
.
Now the desired result follows from 2.12 by using that f is in addition internal. 
3. 
0
-saturation of C(K) for a ountable ompatum K
Reall the result of Pelzynski and Semadeni [21℄ whih says that every Banah spae of the
form C(K) for K a ountable ompatum is 
0
-saturated in the sense that every of its losed
innite-dimensional subspaes ontains an isomorphi opy of 
0
: The purpose of this setion
is to examine the 
0
-saturation using the theory of mappings on barriers developed above in
Setion 3. We start with a onvenient reformulation of the problem. We start with a denition.
Denition 3.1. For a given subset X of 
0
, let suppX = ffi 2 N : (i) 6= 0g :  2 Xg be the
support set of X . We say that a weakly ompat subset K of 
0
is supported by a barrier on M
if its support set suppK is the is the losure of a uniform barrier on M .
Lemma 3.2. Suppose that K is a ountable ompatum. Suppose that (x
i
)  C(K) is a nor-
malized weakly null sequene. Then for every " > 0 there is subsequene (x
i
)
i2M
and a weakly-
ompat subset L  
0
supported by a barrier on N of rank not bigger than the Cantor-Bendixson
rank of K suh that (x
i
)
i2M
and the evaluation mapping (p
i
)
i2N
of C(L) are (1+ ")-equivalent.
Proof. Fix " > 0. Find rst an stritly dereasing sequene ("
i
) suh that
P
i
"
i
 " and suh
that
f"
i
: i 2 Ng \ fjx
i
()j :  2 Kg = ;: (3)
This is possible beause K is ountable. Now dene ' : K ! P(N) by '() = fi 2 N :
jx
i
()j  "
i
g. Note that (3) implies that ' is a ontinuous funtion. Enumerate K = f
k
g
k2N
.
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Sine (x
i
) is weakly-null we an nd a fusion sequene (M
k
) suh that for every k and every
i 2M
k
one has that jx
i
(
k
)j < "
k
. Now if we set N to be the orresponding fusion set then for
every k one has that fi 2M : jx
i
(
k
)j  "
i
g  fn
0
; : : : ; n
k 1
g. This means that the mapping
 = 
M
  is ontinuous with image inluded in FIN. Set N =

M and denote the immediate
predeessor of i 2 N in M by i
 
. Sine K is a zero-dimensional ompatum, we an nd lopen
sets C
i
 K (i 2 N) suh that
K n x
 1
i
(( "
i
  ; "
i
 ))  C
i
 K n x
 1
i
([ "
i
; "
i
℄) for every i 2 N .
Set y
i
= 
C
i
x
i
for eah i 2 N . So one has
(i) kx
i
  y
i
k
K
< "
i
  , so (x
i
)
i2N
and (y
i
)
i2N
are 1 + "-equivalent, and
(ii) for every  2 K and every i 2 N , if jy
i
()j  "
i
, then y
i
() = 0.
Sine for every  2 K, by (ii) above, one has that
fi 2 N : y
i
() 6= 0g = fi 2 N :  2 C
i
and jx
i
()j  "
i
g =  ();
it follows that the support set F of R
K
((y
i
)
i2N
) oinide with the image of  , so it is a ompat
family of N. We use now Theorem 2.7 to nd P  N suh that F [P ℄ is the losure of a uniform
barrier on P . This implies thatR
K
((y
i
)
i2P
) is supported by a barrier B on P . Let  be the unique
order preserving mapping from N onto P , and let  : 
0
 P = f 2 
0
: supp   P g  
0
! 
0
be dened by ()(n) = ((n)). This is an homeomorphism between 
0
 P and 
0
, both with
the weak topology, so L = "R
K
((y
i
)
i2P
) is a weakly-ompat subset of 
0
and supported by
the barrier 
 1
B = f
 1
s : s 2 Bg on N. Now it is easy to see that the evaluation mapping
(p
i
)
i2N
of C(L) is a normalized weakly-null sequene 1 + "-equivalent to (x
i
)
i2P
. 
Theorem 3.3. Suppose that (x
i
)  C(K) is a normalized weakly-null sequene for a ountable
ompatum K. Then there is a onstant C  1, an innite set M , a uniform barrier B on
M whose rank is at most the Cantor-Bendixson rank of K, and some U -mapping  : B ! 
+
00
suh that for every blok sequene (s
n
)  B the orresponding sequene of linear ombinations
(
P
i2s
n
((s
n
))(i)x
i
)
n
is a normalized blok sequene C-equivalent to the unit vetor basis of 
0
.
Proof. The proof is by indution on the Cantor-Bendixson rank of K. First of all, by Lemma
3.2 we may assume that K is a weakly-ompat subset of 
0
supported by a barrier B on N and
that the normalized weakly null sequene (x
i
) is the orresponding evaluation mapping sequene
(p
i
)
i2N
. If  = 1, then B = N
[1℄
and learly (p
i
) is equivalent to the unit vetor basis of 
0
. So
assume that  > 1. By going to a subsequene of (p
i
) if needed, we may also assume in this ase
that jsj  2 for every s 2 B. For eah integer n set F
n
=
S
mn
B
fmg
. Sine B is a -uniform
family, we have that for every n, 

F
n
= ;, so its Cantor-Bendixson rank is stritly smaller
than + 1. For eah n 2 N, let
K
n
= ff  s : s 2 F
n
g:
This is a ompatum whose support is F
n
and whose rank is stritly smaller than +1. So, the
evaluation mapping sequene (p
i
) is a weakly-null sequene of C(K
n
) for every n. Observe that
for every sequene of salars (a
i
) we have that
k
X
i
a
i
p
i
k
n
= k
X
i
a
i
p
i
k
K
n
= supfk
X
i2s
a
i
p
i
k
K
: s 2 F
n
g: (4)
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Using the fat that the family F
n
is hereditary, we obtain that (p
i
) is 1-unonditional. Sine we
assume that all the singletons fig belong to F
n
, it follows that (p
i
)
i1
is indeed a 1-unonditional
normalized weakly null sequene in C(K
n
).
Fix " > 0, and let ("
n
)
n
be a summable sequene with
P
n
"
n
< "=2. By the Ramsey property
of the uniform barrier B, we an nd a fusion sequene (M
k
)
k
suh that, setting n
k
= minM
k
for eah k 2 N, we have that for every k the following dihotomy holds:
(I) Either for every s 2 B  M
k
there is some 
k
(s) 2 
00
with supp 
k
(s)  s, 0 

k
(s)(i)  1 for every i 2 s, and suh that for every suh that k
P
i2s

k
(s)(i)p
i
k
K
= 1 while
k
P
i2s

k
(s)(i)p
i
k
n
k
< "
k
, or else
(II) k
P
i2s
a
i
p
i
k
K
 2"
 1
k
k
P
i2s
a
i
p
i
k
n
k
for every s 2 B M
k
and every (a
i
)
i2s
.
Suppose rst that (I) holds for every k. Let M
1
= fn
k
g be the orresponding fusion set.
Then let C = B  M
1
. For s 2 C, dene (s) = 
k
(s), where n
k
= min s. This is well dened
sine s 2 B M
k
. For a given s 2 C, let
x(s) =
X
i2s
(s)(i)p
i
:
Our intention is to show that for every blok sequene (s
i
)
i
in C one has that (x(s
i
))
i
is 2 + "-
equivalent to the 
0
-basis. So x suh sequene (s
i
) and let (b
i
)
i2N
be a sequene of salars with
jb
i
j  1 for every integer i. Sine eah x(s
i
) is normalized and sine (p
i
) is monotone, we obtain
that
k
X
i
b
i
x(s
i
)k
K
 (1=2)k
X
i
b
i
e
i
k
1
:
Suppose that  2 K, and let i
0
= minfi : s
i
\ supp  6= ;g. Fix i > i
0
, and let k
i
be suh that
n
k
i
= min s
i
. Sine supp  \ s
i
2 F
max s
i
0
we have that
jx(s
i
)()j  k
X
j2s
i
\suppf
a
(k
i
)
i
p
i
k
maxs
i
0
< "
k
i
: (5)
It follows that
j
X
i
b
i
x(s
i
)()j  jb
i
0
j+
X
i>i
0
jb
i
jjx(s
i
)()j  jb
i
0
j+
"
2
: (6)
So, k
P
i
b
i
x(s
i
)k
K
 (1 + "=2)k
P
b
i
e
i
k
1
. Finally use Corollary 2.13 to perturb  and make it
U -mapping.
Suppose now that k
0
is the rst k suh that (II) holds for k. Set M = M
k
. It readily
follows that for every x in the losed linear span of (p
i
)
i2M
one has that kxk
K
 "
 1
k
0
kxk
n
k
0
. By
indutive hypothesis applied to (p
i
)  C(K
n
k
0
), there is some C  1, some uniform barrier C
on some N  M of rank not bigger than the one of K
n
k
0
and some  fullling the onlusions
of the Lemma. Fix s 2 C. Then k(s)k
n
k
0
= 1, so we an nd some t
s
 s suh that 1 =
k(s)k
n
k
0
= k(s)  t
s
k
K
. Observe that, by 1-unonditionality of k  k
n
k
0
, k(s)  tk
n
k
0
= 1.
Dene  : C ! 
00
by (s) = (s)  t
s
. Finally, let us hek that (x(s
i
))  C(K) is C"
 1
n
k
-
equivalent to the 
0
-basis for every blok sequene (s
i
)
i
in C. Fix salars (a
i
), ja
i
j  1 (i 2 N).
We obtain the inequality k
P
i
a
i
(s
i
)k
K
 (1=2)k
P
i
a
i
e
i
k
1
by the monotoniity of the basi
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sequene (p
i
). Now,
k
X
i
a
i
(s
i
)k
K

1
"
n
k
0
k
X
i
a
i
(s
i
)k
n
k
0

1
"
n
k
0
k
X
i
a
i
(s
i
)k
n
k
0

C
"
n
k
0
k
X
i
a
i
e
i
k
1
: (7)

4. Conditionality
We start with the following natural slightly variation on the notion of S

-unonditionality
from [3℄, and whih is a generalization of unonditionality (see Denition 2.8 (d)).
Denition 4.1. Let F be a family of nite sets of integers. A normalized basi sequene (x
n
) of
a Banah spae E is alled F -unonditional with onstant at most C  1 i for every sequene
of salars (a
n
),
sup
s2F
k
X
n2s
a
n
x
n
k  Ck
X
n2N
a
n
x
n
k:
This generalizes the notion of unonditionality overed by the ase of F = FIN. The question
is whether every normalized weakly-null sequene has a F -unonditional subsequene. Observe
that the subsequene (x
n
)
n2M
is F -unonditional i it is F [M ℄-unonditional, so the existene
of an F -unonditional subsequene is losely related to the form of the traes F [M ℄. If we
assume that in addition the family F is hereditary, then, by the Theorem 2.7, two possibilities
an our: The rst one is that some trae of F onsists on all nite subsets of some innite
set M . In this ase, for subsequenes of (x
n
)
n2M
the F -unonditionality oinides with the
unonditionality. The seond ase is when some trae of F is the losure of a uniform barrier.
So one is naturally led to examining the standard ompat families of nite subsets of N. We
begin with the following positive result announed in [16℄ and rst proved by E. Odell [20℄
onerning the Shreier family S = fs  N : jsj  min(s) + 1g.
Theorem 4.2. Suppose that (x
n
) is a normalized weakly-null sequene of a Banah spae E.
For every " > 0 there is a S-unonditional subsequene with onstant 2 + ". 
Reall that if F is a barrier on some set M then its trae F [N ℄ on any o-innite subset N of
M is hereditary and that for every pair F
0
and F
1
of barriers on the same domain M there is
an innite set N  M suh that F
0
[N ℄  F
1
[N ℄ or F
1
[N ℄  F
0
[N ℄. Sine the two alternatives
are dependent on the ranks of F
0
and F
1
; one is naturally led to the following measurement of
unonditionality.
Denition 4.3. Suppose that  is a ountable ordinal. A normalized basi sequene (x
n
) of
a Banah spae E is alled -unonditionally saturated with onstant at most C  1 if for
every -uniform barrier B on N and for every innite M there is innite N M suh that the
orresponding subsequene (x
n
)
n2N
of (x
n
) is B-unonditional with onstant at most C.
We say that (x
n
)
n
is -unonditionally saturated if it is -unonditionally saturated with
onstant C for some C  1.
Remark 4.4. (a) A sequene (x
n
)
n
is -unonditionally saturated i given a -uniform barrier
B every subsequene of (x
n
)
n
has a further B-unonditional subsequene. The reason for this is
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that given two -uniform barriers B and C on a set M we have that there is N  M suh that
either B  N  C  N  B  N N
[1℄
or the symmetri situation holds, where F G = fs [ t :
s 2 G; t 2 F and s < tg (see [4℄).
(b) It follows from Theorem 4.2 that every normalized weakly null sequene is !-unonditionally
saturated. Sine the !-uniform barriers are of the form fs 2 FIN : jsj = f(min s) + 1g for some
unbounded mapping f : M ! N one an easily modify the proof of Theorem 4.2 to prove that
every normalized weakly-null sequene is !-unonditionally saturated with onstant at most
2 + ".
() If the normalized basi sequene (x
n
) is monotone, then it is B-unonditional i it is B-
unonditional for every uniform barrier B on N.
(d) An analysis of the Maurey-Rosenthal [16℄ example of a weakly-null sequene (x
n
) with no
unonditional basi subsequene (see Example 4.5 below) reveals an !
2
-uniform barrier B
MR
suh that no innite subsequene (x
n
)
n2M
is B
MR
-unonditional with any nite onstant C. So
this is an example of a normalized weakly-null sequene with no !
2
-unonditionally saturated
subsequene.
(e) Reall that an ordinal  is alled indeomposable if for every  < , !  . Equivalently,
 = !

for some . Suppose that  is the maximal indeomposable ordinal smaller than some
xed ordinal . Then a normalized basi sequene (x
n
) is -unonditionally saturated if and
only it is -unonditionally saturated.
Example 4.5. First of all, for a xed 0 < " < 1 hoose a fast inreasing sequene (m
i
) suh
that
1
X
i=0
X
j 6=i
minf(
m
i
m
j
)
1=2
; (
m
j
m
i
)
1=2
g 
"
2
: (8)
Let FIN
[<1℄
be the olletion of all nite blok sequenes E
0
< E
1
<   < E
k
of nonempty
nite subsets of N. Now hoose a 1  1 funtion
 : FIN
[<1℄
! fm
i
g (9)
suh that '((s
i
)
n
i=0
) > s
n
for all (s
i
) 2 FIN
[<1℄
Now let B
MR
be the family of unions s
0
[ s
1
[
   [ s
n
of nite sets suh that
(a) (s
i
) is blok and s
0
= fng.
(b) js
i
j = (s
0
; : : : ; s
i 1
) (1  i  n).
It turns out that B
MR
is a !
2
-uniform barrier on N (see Proposition 4.11 below), hene
B
MR
= B
MR
v
is a ompat family with rank !
2
+ 1. Observe that by denition, every s 2 B
MR
has a unique deomposition s = fng [ s
1
[   [ s
n
satisfying (a) and (b) above. Now dene the
mapping  : B
MR
! 
00
,
(s) = e
n
+
n
X
i=1
1
js
i
j
1
2
X
k2s
i
e
k
: (10)
It follows that  is a U -mapping dened on the barrier B
MR
. Now we an dene the Banah
spae X
MR
as the ompletion of 
00
under the norm
kxk
MR
= supfjh(s); xij : s 2 B
MR
g:
PRE-COMPACT FAMILIES OF FINITE SETS AND WEAKLY NULL SEQUENCES 13
The natural Hamel basis (e
n
) of 
00
is now a normalized weakly-null monotone basis of X
MR
with-
out unonditional subsequenes. Indeed, without !
2
-unonditionally saturated subsequenes.
Moreover this weakly-null sequene has the property that the summing basis (S
i
) of , the Ba-
nah spae of onvergent sequenes of reals, is nitely-blok representable in the linear span of
every subsequene of (e
i
) (and so the summing basis of 
0
), more preisely, for every M , every
n 2 N and every " > 0 there is a normalized blok subsequene (x
i
)
n 1
i=0
of (e
i
)
i2M
suh that for
every sequene of salars (a
i
)
n 1
i=0
,
maxfj
m
X
i=0
a
i
j : m < ng  k
n 1
X
i=0
a
i
x
i
k
C(K)
 (1 + ")maxfj
m
X
i=0
a
i
j : m < ng:
On the other hand, by Proposition 4.2 the sequene (p
i
) is !-unonditionally saturated with
onstant  2.
Another presentation of this spae is the following: Sine  is uniform, it is Lipshitz, so
there is a unique extension  : B
MR
! 
00
, naturally dened by (s) = (t)  t, where t 2 B
MR
is (any) suh that s v t. Now dene K = "B
MR
 
00
. This is a weakly-ompat subset of

00
whose rank the same than B
MR
, i.e., !
2
+ 1. Then the orresponding evaluation sequene
(p
i
)  C(K) is 1-equivalent to the basis (e
i
)
i
of X
MR
.
Building on the idea of Example 4.5, we are now going to nd, for every ountable inde-
omposable ordinal , a U -sequene with no unonditional subsequenes but -unonditionally
saturated for every  < . Before embarking into the onstrution, we need to reall a loalized
version of Ptak's Lemma. For this we need the following notation: Given a family F , and n 2 N,
let
F 
 n = fs
0
[    [ s
n 1
: (s
i
)
n 1
i=0
 F is blokg:
It an be shown that F 
 n is a n-uniform family if F is an -uniform family.
Given  2 
00
we will write 
1=2
to denote ((i)
1=2
). Given  2 
00
and a nite set s, let
h; si = h; 
s
i =
P
i2s
(i).
Denition 4.6. A mean is an element  2 
+
00
with the property that
P
i2N
(i) = 1. We say
that  : B ! 
+
00
is a U -mean-assignment if  is a U -mapping suh that for every s 2 B one has
that (s) is a mean.
Lemma 4.7. Suppose that B is an -uniform barrier on M ,   1. Let  = () be the
maximal indeomposable ordinal not bigger than ,and let n = n() 2 N, n  1, be suh that
n   < (n+ 1). Then for every k 2 N, k > 1, every " > 0, and every -uniform barrier C
on M with  > k there N M and U -mean-assignment  : C  N ! 
+
00
suh that
supfh(s)
1
2
; ti : t 2 Bg 
(1 + ")(n+ 1)
(nk)
1
2
(11)
for every s 2 C  N .
Proof. The proof is by indution on . Fix " > 0 and k > 1. Let C be an -uniform family on
M suh that  > k.
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Notie that if we prove that for every N  M there is one mean  with support in C  N
suh that (11) holds, then the Ramsey property of the uniform barrier C gives the existene for
some N  M of a mean-assignment  : C  N ! 
00
suh that (s) has the property (11) for
every s 2 C  N . Then Corollary 2.13 gives the desired U -mapping.
Let D be a -uniform barrier on M (if n = 1 we take D = B), and x N  M . Find rst
P  N be suh that (D 
 nk)  P  C as well as B  P  D 
 (n+ 1). Consider (
i
)
i2P
suh
that D
fig
 P is 
i
-uniform on P=i. Observe that for every i 2 P we have that 
i
< , so, sine
 is indeomposable, 
i
!  . Let 
0
be any mean suh that supp
0
2 B  P . By indutive
hypothesis applied to appropriate 
i
's, we an nd a blok sequene (
j
)
nk 1
j=0
of means with
support in B  P suh that for every 1  j  nk   1,
supfh
1
2
j
; ti : t 2 D; and min t  max supp
j 1
g <
"
2
j+1
: (12)
Let  = (1=(nk))
P
nk 1
j=0

j
. Observe that supp  2 (D 
 (nk))  P  C. Then, for every t 2 B,
by (12),
h
1
2
; ti =
1
(nk)
1
2
k 1
X
j=0
X
i2t

j
(i)
1
2

1 +
"
2
(nk)
1
2
: (13)
Let us point out that supp  is, possibly, not a set in C. However it is easy to slightly perturb 
to a newer mean with support in C and satisfying (13) for every t 2 B: Let s 2 C be suh that
supp  v s, and set u = s n supp . Let Æ > 0 be suh that
(1 +
"
2
)(1  Æ)
1=2
+ (nkÆjuj)
1=2
 1 + ": (14)
Now set
 = (1  Æ) +
Æ
juj

u
: (15)
 is a mean whose support is s 2 C. It an be shown now that for every t 2 B,
X
i2t
(i)
1
2

1 + "
(nk)
1
2
; (16)
by the hoie of Æ. Finally, let t 2 B and let us ompute
P
i2t
((i))
1=2
: First of all we have that
P
i2t
((i))
1=2
=
P
i2u
((i))
1=2
, where u = t \ P . Now, sine u 2 B  P  D 
 (n+ 1), we an
nd t
0
<   < t
n
in D suh that u v t
0
[    [ t
n
, and hene
h
1=2
; ti =
n
X
j=0
h
1=2
; t
j
i 
(n+ 1)(1 + ")
(nk)
1
2
; (17)
as promised. 
Corollary 4.8. Suppose that B is an -uniform barrier on M ,   1. Then for every " > 0
there is some k = k(; ") suh that for every -uniform barrier on M with  > k there N M
and some U -mean-assignment  : C  N ! 
+
00
suh that,
supfh(s)
1=2
; ti : t 2 Bg  " (18)
for every s 2 B  N . 
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Lemma 4.9. Fix an indeomposable ountable  and a sequene ("
n
) of positive reals. Then:
(a) there is a olletion (B
n
) of 
n
-uniform barriers on N=n and a orresponding sequene of
U -mean-assignments 
n
: B
n
! 
+
00
with the following properties:
(a.1) 
n
> 0, sup
n

n
= ,
(a.2) for every m < n and every s 2 B
n
supfh
n
(s)
1
2
; ti : t 2 B
m
g < "
n
: (19)
(b) Suppose that in addition  = !

with  limit. Let 
n
"  be any sequene suh that

n
!  
n+1
(n 2 N). Then there is a double sequene (B
n
i
) suh that for every integers n and i
(b.1) B
n
i
is an 
(n)
i
-uniform barrier on N=(n+ i), with 
(n)
i
> 0 and 
(n)
i
"
i

n
.
(b.2) There are U -mean-assignments 
n;i
: B
n
i
! 
00
suh that for every s 2 B
n
i
, and every
(m; j)<
lex
(n; i)
supfh
n;i
(s)
1
2
; ti : t 2 B
m
j
g < "
n+i
; (20)
where we reall that <
lex
denotes the lexiographial order on N
2
dened by (m; i) <
lex
(n; j) i
m < n, or m = n and i < j.
Proof. (a): Choose 
n
"
n
 suh that for every n 2 N, 
n+1
> 
n
k(
n
; "
n
), that is is possible
sine  is indeomposable. Let C
n
be an 
n
-uniform family on N (n 2 N). By Corollary 4.8 we
an nd a fusion sequene (M
n
) suh that
() C
m
M
m
 C
n
if m  n, and
(d) for every n 2 N there is a U -mean-assignment 
n
: C
n
M
n
! 
+
00
suh that
supfh
n
(s)
1
2
; ti : t 2
[
l<n
C
l
g < "
n
(21)
for every s 2 C
n
 M
n
. Let M = fm
n
g be the fusion set of (M
n
), and  : M ! N be the
orresponding order preserving onto mapping. It is not diÆult to see that C
n
= ("B
n
)  (N=n),
and 
n
: C
n
! 
00
dened naturally out of 
n
 fulls all the requirements.
(b): Suppose that  = !

with  limit. Let 
n
"  be any sequene suh that 
n
!  
n+1
(n 2 N).
Claim. There is a fusion sequene (M
n
), M
n
= fm
(n)
i
g, a double sequene (B
n
i
) of 
(n)
i
-uniform
barriers on M
n
=m
(n)
i
and U -mean-assignments 
n;i
: B
n
i
! 
+
00
suh that
(e) 
(n)
i
"
i

n
(n 2 N), and
(f) for every (m; j)<
lex
(n; i), every s 2 B
n
i
and every t 2 B
m
j
, h(
n;i
(s))
1=2
; ti < "
n+i
.
Proof of Claim: First, use Corollary 4.8 applied to 
0
to produe an innite setM
0
= fm
(0)
i
g and
a sequene (B
0
i
) of 
(0)
i
-uniform barriers on M
0
=fm
(0)
i
g with 
(0)
i
" 
0
and U -mean-assignments

0;i
: B
0
i
! 
00
suh that for every i and every s 2 B
0
i
, h
0;i
(s)
1=2
; ti  "
i
for every t 2 B
0
j
with j < i. In general, suppose we have found for every k  n M
k
= fm
(k)
i
g  M
k 1
, (B
k
i
)

(k)
i
-uniform barriers on M
k
=m
(k)
i
and U -mean-assignments 
k;i
: B
k
i
! 
00
suh that for every
(k; j) <
lex
(m; i) every s 2 B
m
i
and every t 2 B
k
j
h
m;i
(s)
1=2
; ti  "
m+i
. For eah k  n dene
the following families
B
k
= fs M
k
:

s 2 B
k
min s
g: (22)
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This is learly an 
k
-uniform family on M
k
. Sine 
n
!  
n+1
, we an use again Corollary 4.8
and nd an innite subset M
n+1
= fm
(n+1)
i
g  M
n
and a sequene (B
n+1
i
) of 
(n+1)
i
-uniform
barriers on M
n+1
=m
(n+1)
i
and U -mean-assignments 
n+1;i
: B
n+1
i
! 
00
suh that for every
s 2 B
n+1
i
,
supfh(
n+1;i
(s))
1
2
; ti : t 2
[
kn
B
m
[
[
j<i
B
(n+1)
j
g < "
n+i+1
; (23)
so, in partiular for every k  n and every t 2 B
k
j
, h(
n+1;i
(s))
1
2
; ti < "
n+i+1
. 
Let M be the fusion set of (M
n
), i.e. M = fm
(n)
0
g. Observe that m
(n+i)
0
 m
(n)
i
for every n
and i, so M=m
(n)
0
 M
n
=m
(n)
i
. Set C
n
i
= B
n
i
 (M=m
(n+i)
0
). This is an 
(n)
i
-uniform barrier on
M=m
(n+i)
0
. Consider 
n;i
= 
n;i
 C
n
i
: C
n
i
! 
00
has the property that for every (m; j)<
lex
(n; i),
every every s 2 C
n
i
and every t 2 C
m
j
, h(
n;i
(s))
1=2
; ti < "
n+i
. Now use  : M ! N, (m
(n)
0
) = 0,
to dene the desired mean-assignments and families. 
Remark 4.10. Observe that if B is -uniform on M with  > 0, then M
[1℄
 B. It readily
follows that the mean-assignments 
n
and 
n;i
obtained in Lemma 4.9 have the property that
k
n
(s)
1=2
k
1
 "
n
and k
n;i
(s)
1=2
k
1
 "
n+i
for every s in the orresponding domains.
Proposition 4.11. (a) Suppose that C and B
i
are  and 
i
-uniform families on M (i 2 N)
with 
i
" , 
i
;   1. Let  : FIN
[<1℄
! N be 1-1. Then for every n 2 N the family
D = fs
0
[    [ s
n
: (s
i
) is blok, s
0
2 C and s
i
2 B
((s
0
;:::;s
i 1
))
for every 1  i  n  1g
is -uniform on M , where  = n + 
 
if 1   < ! and n > 0, and  = n +  if   ! or
n = 0.
(b) Suppose that B
i
is 
i
-uniform on M (i 2 N) with 
i
" . Let  : FIN
[<1℄
! N be 1-1. Then
the family
C = ffng [ s
0
[    [ s
n 1
:(fng; s
0
; : : : ; s
n 1
) is blok, and
s
i
2 B
((fng;s
0
;:::;s
i 1
))
for every 0  i  n  1g
is !-uniform on M .
Proof. (a): The proof is by indution on n. If n = 0, the result is lear. So suppose that
n > 0. Now the proof is by indution on . Suppose rst that  = 1. Then C = M
[1℄
, and so,
for every m 2M
D
fmg
= fs
1
[    [ s
n
:(s
1
; s
2
; : : : ; s
n
) is blok, s
1
2 B
((fmg))
and
s
i
2 B
((fmg;s
1
;s
2
;:::;s
i 1
))
for every 2  i  n  1g;
so, by indutive hypothesis, D
fmg
is (n  1)+ 
m
-uniform on M=m, depending whether 
m
is
nite or innite, but in any ase with 
m
" . Hene D is n-uniform on M . The general ase
for 1   < ! is shown in the same way.
Suppose now that   !. Then for every m 2M
D
fmg
= ft [ s
1
[    [ s
n
: (t; s
1
; : : : ; s
n
) is blok, t 2 C
fmg
and
s
i
2 B
((fmg[t;s
1
;:::;s
i 1
))
for every 1  i  n  1g;
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By indutive hypothesis, D
fmg
is n+
m
-uniform onM=m, with 
m
"  , so D is n+-uniform
on M , as desired.
(b) follows easily from (a). 
The following is a generalization of Maurey-Rosenthal example for arbitrary ountable inde-
omposable ordinal .
Theorem 4.12. For every ountable indeomposable ordinal  there is a normalized weakly-
null sequene whih is -unonditionally saturated for every  <  but without unonditional
subsequenes.
Proof. Our example is a slightly modiation of a U -sequene introdued in [14℄. So, we
are going to dene a -uniform barrier B on N, a U -mean-assignment ' : B ! 
00
and some
G  FIN  FIN and then dene the norm on 
00
by
kk = maxfkk
1
; supfjh'(s)  t; ij : (s; t) 2 Ggg (24)
where G  FINFIN is suh that its rst projetion is B. Notie that some sort of restritions
have to be needed in the formula (24), sine it is not diÆult to see that that for a ompat
and hereditary family F , a normalized weakly-null sequene (x
i
)
i
is F -unonditional i it is
equivalent to the evaluation mapping sequene (p
i
)
i
of a weakly-ompat subset K  
0
that is
F -losed, i.e. losed under restrition on elements of F .
Fix " > 0, and let "
n
= "=2
n+3
. Suppose that  = !

. There are two ases to onsider.
Suppose rst that  = +1. We apply Lemma 4.9 (a) to the indeomposable ordinal !

and ("
n
)
to produe the orresponding sequenes of barriers (C
n
) and U -mean-assignments 
n
: C
n
! 
00
(n 2 N) satisfying the onlusions (a.1) and (a.2) of the Lemma. If  is limit, then we use the part
(b) of that lemma to produe a double sequene (B
n
i
) and U -mean-assignments 
n;i
: C
n
i
! 
00
satisfying (b.1) and (b.2). In order to unify the two ases we set for n; i,
B
n
i
=
(
C
i
if  is suessor ordinal
C
n
i
if  is limit ordinal
and

n;i
=
(

i
if  is suessor ordinal

n;i
if  is limit ordinal:
Let  : FIN
[<1℄
! N be 1-1 mapping suh that ((s
0
; : : : ; s
n
)) > max s
n
for every blok
sequene (s
0
; : : : ; s
n
) of nite sets. For eah n dene
C
n
= fs
0
[    [ s
n 1
: (s
i
) is blok and s
i
2 B
n
((fng;s
0
;:::;s
i 1
))
for every 0  i  n g;
So, by Proposition 4.11, if  = !
+1
, then C
n
is a !

(n   1) + -uniform family on N, where 
is suh that B
n
((fng))
is -uniform; while if  = !

with  limit, then it is 
n
(n   1) +  where
 is suh that B
n
((fng))
is -uniform. Now let
C = fs 2 FIN :

s 2 C
mins
g: (25)
It turns out that C is an -uniform family on N (so it is a front), not neessarily a barrier.
Observe that every s 2 C has a unique deomposition s = fng [ s(0) [    [ s(n   1) with
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n = min s and s(i) 2 B
(s[i℄)
, and where s[i℄ = (fng; s
0
; : : : ; s
i 1
) (0  i  n   1). For every
s 2 C and every i  s, set
(s; i) = (
mins;(s[i℄)
(s(i)))
1=2
:
Dene now  : C ! 
00
for every s 2 C by
(s) = e
min s
+
n 1
X
i=0
(s; i); (26)
It is not diÆult to see that  : C ! 
00
is a U -mapping. Now dene on 
00
the norm
kk = supfjh(s)  (s n t); ij : s 2 C; t  s(i); for some i < min sg =
= supfjh(s)  (u n t); ij : u v s 2 C; t  s(i); for some i < min sg; (27)
the last equality beause  is Lipshitz and supported by a front. Let X the ompletion of

00
under this norm. Then the Hamel basis (e
n
)
n
of 
00
is a normalized basis of X, moreover
monotone (sine  is Lipshitz with domain a front) and weakly-null: To prove this, it is enough
to see that the set
L = f(s)  (u n t) : s 2 B; u v s; and t  s(i) for some i < min sg
is weakly-ompat. So, let ((s
n
)  (u
n
n t
n
))
n
a typial sequene in L. Sine C is a front, we
an nd an innite set M and u 2 FIN suh that (u
n
)
n2M
onverges to u and suh that (s
n
) is
a -system with root u v r. Sine  is Lipshitz de, we obtain that ((s
n
)  t
n
)
n2M
onverges
to (s
m
)  t for (any) m 2 M . If u = ;, then ((s
n
)  (t
n
[ u))
n2M
onverges to 0. Otherwise,
let N  M and j < min u be suh that t
n
 s
n
(j) for every n 2 N . Now (t
n
)
n2N
is a sequene
in the losure of B
mins
(s[i℄)
, hene, we an nd P  N suh that (t
n
)
n2P
is onvergent with limit t.
It follows that ((s
n
)  (u
n
n t
n
))
n2P
has limit (s
n
)  (u n t) 2 L, where n is (any) integer in P .
The next is a ruial omputation.
Claim. For every s; t 2 C and every i  min s and j  min s, we have that
0  h(t; j); (s; i)i 
(
"
maxfmins;min tg
if t[j℄ 6= s[i℄
1 if t[j℄ = s[i℄:
Proof of Claim: Set n = min s, m = min t, and assume that t[j℄ 6= s[i℄. Suppose rst that
 = !
+1
. Then, by denition of the mean assignments, h(t; j); (s; i)i  "
maxf(t[j℄);(s[i℄)g
,
but (u
0
; : : : ; u
k
)  maxu
k
for every blok sequene (u
i
), whih derives into the desired in-
equality. Assume now that  = !

,  limit ordinal. If min s = min t, then h(t; j); (s; i)i 
"
min s+maxf(t[j℄);(s[i℄)g
 "
min s
. While if min t 6= min s, say min t < min s, then h(t; j); (s; i)i 
"
min s+(s[i℄)
 "
min s
.
If (s[i℄) = (t[j℄) = l, then min s = min t = n, and
h(s; i); (t; j)i  k(
n;l
(s(i)))
1=2
k
`
2
k(
n;l
(t(j)))
1=2
k
`
2
 1; (28)
sine both are means. 
Claim. The summing basis (S
n
) of  is nitely blok represented in any subsequene of (e
n
)
n
.
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Proof of Claim: Fix an innite set M of integers, and l 2 N. Let v 2 B M=l, v = fng [ v(0)[
   [ v(n  1) its anonial deomposition, and set
x
i
=
X
j2v(i)
(v; i)(j)e
j
: (29)
Observe that h(v); x(v; i)i = h(v; i); (v; i)i = 1, so from the previous laim we obtain that
kx
i
k = 1. Now onsider salars (a
i
)
in 1
with k
P
in 1
a
i
S
i
k
1
= 1. Observe that this implies
that max
in 1
ja
i
j  2. We are going to show that
1  k
X
0in 1
a
i
x
i
k  3 + ": (30)
To get the left hand inequality, suppose that 1 = k
P
0in 1
a
i
S
i
k
1
= j
P
im
a
i
j, where
m  n  1. Let t = fng [ s(0)[    [ s(m). By (27) it follows that
k
X
in 1
a
i
x
i
k  h(v)  t;
X
in 1
a
i
x
i
i = j
X
im
a
i
j = 1: (31)
Next, x s 2 C and t  s(k) for some k < min s. Suppose rst that min v = min s. Let
i
0
= maxfi  n  1 : v(i) = s(i)g. If k > i
0
then by the previous laim we obtain
jh(s)  (s n t);
X
in 1
a
i
x
i
i)j j
X
ii
0
a
i
j+
X
i
0
<i;jn 1
2jh(s; i); (t; j)ji 
k
X
in 1
a
i
S
i
k
1
+ 2n
2
"
n
 (1 + ")k
X
in 1
a
i
S
i
k
1
: (32)
Suppose that k  i
0
. Then
jh(s)  (s n t);
X
in 1
a
i
x
i
i)j j
X
ii
0
;i6=k
a
i
+ a
k
h(v; k); (v; k)  (s(k) n t)ij+
+
X
i
0
<i;jn 1
2jh(s; i); (t; j)ji 
3k
X
in 1
a
i
S
i
k
1
+ 2n
2
"
n
 (3 + ")k
X
in 1
a
i
S
i
k
1
: (33)
Suppose now that n = min v 6= min s, say min s < min v. Let i
0
< n, if possible, be suh that
min s 2 v(i
0
). Then,
jh(s)  (s n t);
X
in 1
a
i
x
i
i)j ja
i
0
jk(v; i
0
)k
1
+ 2
X
i
0
i<n
X
0j<min t
h(t; j); (s; i)i 
2"
n
+ 2n
2
"
n
 ": (34)

Finally, it rests to show that the sequene (e
n
) is -unonditionally saturated for every  < .
We onsider the two obvious ases:
Case 1.  = !
+1
. Let
D = fs  N :

s 2 B
0
mins
g:
This is an !

-uniform family on N sine eah family B
0
m
is 
m
-uniform and sup
m

m
= !

.
Therefore, the next laim gives that (e
n
) is -unonditionally saturated for every  < .
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Claim. (e
n
)
n
is D-unonditional with onstant at most 2 + ".
Proof of Claim: Fix t 2 D, and let (a
i
)
i2N
be salars suh that k
P
i2N
a
i
e
i
k = 1. Fix also s 2 C.
Suppose rst that min s 2 t. Then sine (s[i℄) > min s  min t and

t 2 B
0
min t
we obtain that
jh(s);
X
i2t
a
i
e
i
ij  ja
min s
j+ "  (1 + ")k
X
i
a
i
e
i
k: (35)
Now suppose that min s =2 t, but s \ t 6= ; (otherwise h(s);
P
i2t
a
i
e
i
i = 0). Let
i
0
= minfi < min s : s(i) \ t 6= ;g:
Then for every i
0
< i < min s we have that (s[i℄)> max s
i
0
 min t, so
j
X
j2t
a
j
(s; i)(j)j< "
(s[i℄)
; (36)
hene
jh(s)  u;
X
i2t
a
i
e
i
ij j
X
j2t\s(i
0
)
a
j
(s; i
0
)(j)j+
X
i
0
<i<min s
j
X
j2t
a
j
(s; i)(j)j=
=jh(s)  (fng [ s(0) [    [ (s(i
0
) \ t));
X
imin t
a
i
e
i
ij+
+
X
i
0
<i<min s
j
X
j2t
a
j
(s; i)(j)j  k
X
imin t
a
i
e
i
k+ "k
X
i2N
a
i
e
i
k 
(2 + ")k
X
i
a
i
e
i
k; (37)
the last inequality beause (e
i
) is monotone. 
Case 2.  = !

,  a ountable limit ordinal. The desired result follows from the following fat.
Claim. For every n 2 N; the sequene (e
i
) is B
n
0
-unonditional with onstant at most 2n+ 1.
Proof of Claim: Fix n 2 N and t 2 B
n
0
. Let (a
i
)
i2N
be salars suh that k
P
i2N
a
i
e
i
k = 1. Fix
s 2 C. Suppose rst that n  min s. Then in a similar manner that in Case 1 one an show
that
jh(s);
X
i2t
a
i
e
i
ij  ja
min s
j+ "  (1 + ")k
X
i
a
i
e
i
k: (38)
Suppose that m = min s < n, then
jh(s);
X
i2t
a
i
e
i
ij ja
min s
j+
m 1
X
i=0
j
X
j2s(i)\t
a
j
(s; i)(j)j=
=ja
min s
j+
m 1
X
i=0
jh(s)  u
i
;
X
jmin(s(i)\t)
a
j
ij 
(2m+ 1)k
X
i
a
i
e
i
k: (39)
where u
i
= s(0) [    [ (s(i)\ t). 

PRE-COMPACT FAMILIES OF FINITE SETS AND WEAKLY NULL SEQUENCES 21
Corollary 4.13. For every indeomposable ordinal  there is a weakly-ompat K  
00
suh
that
(a) K  B

0
is point-nite (i.e. f(n) :  2 Kg is nite for every integer n) supported by a
-uniform barrier on N,
(b) the evaluation mapping sequene (p
i
)
i
of C(K) is a normalized weakly-null monotone basi
sequene, and
() The summing basis of  is 4-nitely representable in every subsequene of (p
i
)
i
; hene no
subsequene of (p
n
) is unonditional, but
(d) (p
i
)
i
is -unonditionally saturated for every  < .
Proof. Let C be the -uniform family on N and let  : C ! 
00
be the U -mapping given in
proof of Theorem 4.12. Let M  N be suh that C  N is a -uniform barrier on N. Let  be the
order-preserving mapping from M onto N. Let B = "C = f"(s) : s 2 Cg and let ' : B ! 
00
be naturally dened by '(s) = (
 1
(s)). B is a uniform barrier on N and ' is a U -mapping.
Observe that every s 2 B has a unique deomposition, given by the one of 
 1
s. Let
K = f'(s)  (u n t) : u v s 2 B; t  s(i) for some ig:
This is a weakly-ompat subset of 
0
, and the orresponding evaluation mapping sequene (p
i
)
i
is 1-equivalent to the subsequene (e
n
)
n2M
of the weakly-null sequene (e
i
)
i
given in the proof
of Theorem 4.12. So K fullls all the requirements. 
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